We propose a novel constraint on the gauge dynamics of strongly interacting gauge theories stemming from the a theorem. The inequality we suggest is used to provide a lower bound on the conformal window of four dimensional gauge theories.
Gauge theories provide a remarkable description of physical phenomena till hundreds of GeVs. However our predictive power is severely hampered by our poor understanding of the strongly interacting regime of these theories. In fact, even for the time-honoured theory of nature, i.e. Quantum Chromodynamics (QCD) we are not yet able to compute all the physical quantities of interest, e.g., the full spectrum of the theory.
To tame the nonperturbative regime of four dimensional gauge theories several tools have been proposed and used, from 't Hooft anomaly matching conditions [1] to Cardy's conjecture [2] of the existence of a four dimensional analog of Zamolodchikov c theorem [3] , the a theorem. The c theorem in two dimensions establishes the irreversibility of the renormalisation group (RG) flow and the a theorem is thought to be its four dimensional generalisation.
Here we propose an inequality limiting the loss of degrees of freedom of a theory when flowing from the ultraviolet (UV) to the infrared (IR). We also show that the inequality provides relevant bounds for several four dimensional gauge theories, some of which are currently intensively studied via first principle lattice simulations.
THE INEQUALITY
In four dimensions and for a general quantum field theory the vacuum expectation value of the trace of the energy-momentum tensor for a locally flat metric g µν reads
with a and c real coefficients, E 4 (g µν ) the Euler density and W(g µν ) the Weyl tensor. The dots represent contributions coming from operators that can be constructed out of the fields defining the theory. The contribution of these operators is proportional to the beta function of the associated couplings. The coefficient a is the one used in Cardy's conjecture and for a free field theory reads [4] a f ree = 1 90(8π) 2 n s +
where n s , n f and n v are respectively the number of real scalars, Weyl fermions and gauge bosons.
The change of a along the RG flow is directly related to the underlying dynamics of the theory via its beta functions. A generic renormalisable four dimensional gauge theory features several couplings. Here, we assume, for simplicity, that the theory possesses only one gauge coupling α = g 2 /4π 2 . A more general analysis is presented in [5] . Jack and Osborn [6, 7] proposed that rather than utilising a one should employ the functionã related to a viaã
with W another function of the coupling α and β α the beta function of the coupling α. At fixed points a andã coincide. The Weyl consistency condition forã implies
where A and B are group theoretical factors [7] which will not be relevant here. From this expression one finds
The last inequality holds at the leading order in perturbation theory and has been conjectured to be valid also beyond perturbation theory [8, 9] . This implies that the change in a orã between an UV fixed point and an IR one is positive. Let's turn our attention to the investigation of the change in a for an asymptotically free gauge theory featuring an IR fixed point. We will be evaluating the change in a along the RG flow connecting the trivial UV fixed point to the IR one. Furthermore, we assume that by changing continuously one of the parameters of the theory, such as the number of flavours, the IR fixed point can be lost. We define a IR lost as the value of a at the fixed point just before large distance conformality is lost, and declare with ∆a = a f ree − a IR lost the change in a at this fixed point. Positivity of a ensures a f ree ≥ ∆a .
One can imagine several mechanisms responsible for the destruction of the IR fixed point [10] . that it merges with an UV one. To elucidate this possibility we determine now ∆a assuming a merger phenomenon occurring in perturbation theory which has been actually observed in [5] . The following β-function encapsulates this phenomenon
with the two zeros at
The negative sign solution corresponds, for small b 0 , to the usual Banks-Zaks (BZ) fixed point. The two fixed points merge for b 2 1 = 4b 0 b 2 and at the merger the coupling is α merger = −2b 0 /b 1 . If we insist in using perturbation theory for both the IR and UV fixed points, then besides having a small b 0 one should also tune b 1 to be small and approaching zero as
This allows a consistent counting in perturbation theory as shown in [5] . The perturbative expression for ∆a reads
with A and B the same group theoretical factors as in (5) that can be neglected for small b 1 and b 0 . Therefore in this limit we have
The expression above only depends on the two universal coefficients of the beta function. In addition it is not limited to pure gauge theories but can be used also for theories with Yukawa interactions provided one replaces b 1 with the effective coefficient described in [5] . To be predictive beyond perturbation theory we propose that the above expression holds also non perturbatively. This allows us to bound the number of degrees of freedom, at the merger, by imposing the inequality (6) which now reads
As we shall see the inequality above provides strong constraints on the number of degrees of freedom at the merger. If the merger bounds the region of conformality then we are able to provide a lower bound on the size of the conformal window for generic gauge theories.
CONFORMAL WINDOW ESTIMATES
The conformal window is defined as the region in theory space, as function of number of flavours and colours, where the underlying asymptotically free gauge theory displays large distance conformality. The upper boundary of the conformal window is determined by setting to zero the first coefficient of the beta function b 0 , while to determine the lower boundary for nonsupersymmetric gauge theories we use here the inequality (12) .
SU(N c ) Gauge Theories
We start with gauge theories with N f Dirac fermions in a given representation R of an SU(N c ) gauge group, for which b 0 = 
Here d(R) is the dimension of the representation. For the fundamental representation at large N c the inequality requires N f ≥ 3.01N c . For N c = 3 we find N f ≥ 9.18, while for N c = 2 we have N f ≥ 6.24. For the two-index symmetric representation we find for N c = 2 and N c = 3 respectively N f ≥ 1.33 and N f ≥ 1.55. These results are surprisingly close to different estimates of the conformal window summarised in [11] , while being the first estimates making direct use of the a theorem.
Goldstone Bosons Corrections
Below the lower boundary of the conformal window, and for QCD-like theories, we expect the quantum global symmetry of the theory to break spontaneously according to the following patterns: For N f Dirac fermions in the complex representation of the gauge group, the global symmetry SU(N f ) × SU(N f ) × U(1) is expected to break to SU(N f )×U(1) yielding N shown to occur for two phenomenologically relevant examples respectively in [13] and [14] using first principle lattice simulations.
Taking into account the fact that Goldstone bosons interact only derivatively at low energy, the inequality (12) gets corrected as follows
where n GB is the number of real Goldstone bosons. Furthermore it becomes clear that for theories without a mass gap below the conformal window the bound in (12) cannot be saturated. We checked that the effect of the Goldstone bosons on the size of the conformal window is tiny and practically irrelevant for the higher dimensional representations. Incidentally, this is the reason why Cardy's bound, in the absence of the contribution on the right-hand-side of (14), is not sufficiently constraining.
We report here for completeness only the values of the critical number of flavours for the fundamental representation. At large N c we have N f ≥ 3.04N c , for N c = 3 the critical value is N f ≥ 9.28, and finally for N c = 2 we have N f ≥ 6.38.
The results presented in this work must be taken cum grano salis because of our use of (12) and (14) beyond perturbation theory. Nevertheless we feel that the results are encouraging and elucidate the potential predictive power of the a theorem.
Comparison with Supersymmetry
Although for supersymmetric gauge theories one does not expect the IR fixed point to annihilate with an UV one, it is instructive to determine the lower boundary of the super QCD conformal window using the inequality (12) . For this theory we have
At large N c one finds N f ≥ 7/4 = 1.75N c which is higher than Seiberg's result of 1.5N c [15] . The reason why our result leads to a smaller conformal window is because b 1 appears in the denominator on the right-hand-side of (12) and it vanishes for a value N f higher than the critical value found by Seiberg, as observed in [16] .
CONCLUSIONS
We have proposed a new bound on the conformal window of strongly interacting nonsupersymmetric gauge theories. We used an inequality rooted in the a theorem. The assumption that the lower boundary of the conformal window coincides with the merging of two nontrivial fixed points has also been employed. We first computed the change in a at the merger and then used it to estimate the lower boundary of the conformal window. The results are in agreement with earlier estimates and show how the a theorem can be of use. It would be interesting to test the bound for other nonsupersymmetric gauge theories, and, when possible, also use first principle lattice simulations to determine the actual change in a in the nonperturbative regime and compare it with the estimates presented here.
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